Abstract. We show that the Reeh-Schlieder property w.r.t. the KMS-vector is a direct consequence of locality, additivity and the relativistic KMS-condition. The latter characterises the thermal equilibrium states of a relativistic quantum field theory. The statement remains vaild even if the given equilibrium state breaks spatial translation invariance.
Introduction
In this article we will discuss how a strictly local operation can effect a physical system in thermal equilibrium. Let O denote an open and bounded space-time region in Minkowski space IR 4 where a local operation a takes place. The first guess might be that the operation a gives rise to an excitation of the equilibrium state which is localized in O; i.e., with respect to measurements in the causal complement of O the excited state can not be distinguished from the original equilibrium state.
Due to the cluster theorem ♮ for (extremal) KMS-states this is quantitatively true if a is picked at random in O and measurements at sufficiently large space-like distance are considered. However, we will show that qualitatively the situation is quite different: for any ǫ > 0 and for any normal state ω, one can find an operator a ω strictly localized in O which, when applied to the KMS-vector, produces a vector stateω such that ω −ω < ǫ. To achieve this the operator a ω must exploit the small but non-vanishing long range correlations which exist in an equilibrium state as a consequence of its analyticity properties; the latter simply reflect the basic stability and passivity properties of an equilibrium state.
The Net of Local Observables
In the algebraic formulation [H] a QFT is casted into an inclusion preserving map O → A (O) ( 1) which assigns to any open bounded region O in Minkowski space IR 4 a unital C * -algebra A (O) . The Hermitian elements of the abstract C * -algebra A(O) are interpreted as ♮ By simply combining the KMS-condition, which characterizes equilibrium states, with the locality assumption we were able to show that there is a tight relation between the infra-red properties of the generator of time translations and the decay of spatial correlations in any extremal KMS-state, in complete analogy to the well understood case of the vacuum state [Jä] .
the observables which can be measured at times and locations in O.
is isotonous, i.e., there exists a unital embedding
For mathematical convenience we embed the local algebras in their C * -inductive limit
The space-time symmetry of Minkowski space manifests itself in the existence of a representation
of the (orthochronous) Poincaré group P ↑ + . Lorentz-transformations Λ and space-time translations x act geometrically:
Einstein causality is implemented by locality: observables localized in space-like separated space-time regions commute, i.e.,
Here O ′ denotes the space-like complement of O and A c (O) denotes the set of operators in A which commute with all operators in A (O) .
such that the Fourier-transformh of h has compact support. Strong continuity ♯ of the group of automorphisms x → α x implies that the Bochner integral
exists in A and defines an entire analytic element for the translations. Recall that b ∈ A is called an analytic element for the group of automorphisms x → α x , if there exists a complex neighborhood N ⊂ I C 4 and a function g:
is analytic for all positive linear funtionals ω over A.
The algebra of analytic elements A α is norm dense in A.
♯ If the map x →α x fails to be strongly continuous, then we may proceed by simply restricting the given net O→A (O) to the subnet consisting of those elements of A which comply with the continuity condition (see e.g.
[S, Prop. 1.18]).
Thermal Equilibrium States
The physical states are described by positive, linear and normalized functionals. It is an advantage of the abstract setting that the thermal equilibrium states can be distinguished among the set of all physical states by first principles such as time invarance, stability against small perturbations or passivity properties (see [HKT-P] [PW] ). The KMScondition (see [HHW] ) is generally accepted as the appropriate mathematical criterion for equilibrium. But only recently, Buchholz and Junglas have shown that the characterization of equilibrium states by the KMS-condition in fact applies to a large class of relativistic models [BJu] . Lorentz invariance is always broken by a KMS-state [N] [O] . A KMS-state might also break spatial translation or rotation invariance, but the maximal propagation velocity of signals will not be affected by such a lack of symmetry. It was first recognized by Bros and Buchholz that a finite maximal propagation velocity of signals already implies that the KMS-states of a relativistic QFT have stronger analyticity properties in configuration space than those imposed by the traditional KMS-condition [BB] :
Definition. A state ω β satisfies the relativistic KMS-condition at inverse temperature β > 0 if and only if there exists some positive time-like vector e ∈ V + , e 2 = 1, such that for every pair of local elements a, b of A there exists a function F a,b which is analytic in the domain
where βe with boundary values given by
The relativistic KMS-condition can be understood as a remnant of the relativistic spectrum condition in the vacuum sector. It has been rigorously established [BB] for the KMS-states constructed by Buchholz and Junglas [BJu] . In this letter we will show that together with the condition of additivity (see (13) below) it implies that the KMS-vector has the Reeh-Schlieder property.
Thermal Representations
Once a (relativistic) KMS-state ω β for some inverse temperatur β is fixed, the well known GNS-construction provides a Hilbert space H β and a "thermal representation"
The representation π β assigns to any O ⊂ IR 4 a von Neumann algebra
The weak closure respects the local structure, i.e.,
Note that
If ω β is locally normal w.r.t. the vacuum representation, then additivity in the vacuum sector and additivity in the thermal sector are equivalent. As is well known, additivity in the vacuum sector can be proven, if the net of local algebras is constructed from a Wightman field theory. 
for all 0 < κ < β/2. Here e denotes the time-like vector distinguished by the relativistic KMS-condition.
Proof. Let a ∈ A α . It follows that
Thus
For general a ∈ A, choose a sequence {a n ∈ A α } n∈IN such that a n ≤ a and π β (a n )Ω β → π β (a)Ω β as n → ∞.
Now define, for y 1 , y 2 ∈ IR 4 and 0 < κ < β/2,
The three line-theorem [BR 5.3.3] implies that
assumes its maximum value on the boundary of its domain and for κ on this boundary the relativistic KMS-condition yields
In the last inequality we have used a n = a * n ≤ a . Strong continuity of α now implies that {F n } n∈IN is a Cauchy sequence uniformly on U , where
The limit function F ∞ is therefore continuous and bounded on U and analytic in U. Moreover,
Thus, due to their analyticity properties, the functions F ∞ and F a * ,a must coincide on −T βe/2 × T βe/2 . It follows that
⊔ ⊓
The Reeh-Schlieder Property
Due to the KMS-condition the vector Ω β is not only cyclic for R β := π β (A) ′′ but also separating. Thus any state, which is normal w.r.t. π β , is a vector state [BR, 2.5.31] . The problem of finding -for a given state ω -a local operation a ω in A(O) such that ω −ω < ǫ, whereω is the vector state induced by Ωω := π β (a ω )Ω β , therefore reduces to proving that Ωω is sufficiently close to Ω ω in the Hilbert space topology.
In fact, we will show that for every vector Φ ∈ H β there exists an operator in π β A(O) , which, when applied to Ω β , generates a vector which is arbitrarily close to Φ. The proof will proceed in several steps. We start with the following adapted and simplified version of Glaser's theorem 1 ([G a] 
ii.) There exists a sequence f (n) a n∈IN of functions holomorphic in T βe/2 such that
holds in the sense of uniform convergence on every compact subset of −T βe/2 × T βe/2 .
The crucial step is summarized in the following
can be analytically continued from the real axis into the domain T βe/2 such that it is weakly continuous for ℑz ց 0.
Remark. As emphasized in the introduction, we do not require that there exists a unitary operator in B(H β ) which implements space-like translations. Thus the relativistic KMScondition only applies to elements of A and in general it will not extend to π β (A) ′′ .
Proof. Let a, b ∈ A with a = 1. Because of
the set of vectors {π β (b)Ω β : b ∈ A} is dense in H β . Now consider, for z ∈ T βe/2 and a ∈ A fixed, the map
Using a ≤ 1,
and the Schwarz inequality, we find
By the Hahn-Banach theorem the map (28) extends to a bounded continuous linear functional φ a,z on H β . The Riesz lemma ensures that there exists a vector
The map
is analytic for z ∈ T βe/2 . (This can be shown by an approximation argument similar to the one given in the proof of Proposition 1.1.) As can be seen more easily, it is also weakly continuous at the boundary set ℑz = 0, where
⊔ ⊓ Corollary 2.3. Let a, b ∈ A and let Φ a , Φ b denote the associated vector valued functions. It follows that
for all z 1 , z 2 ∈ T βe/2 .
Proof. The l.h.s. as well as the r.h.s. defines a holomorphic function on
Moreover, for ℑz 1 ց 0 and ℑz 2 ց 0 we find
for all x 1 , x 2 ∈ IR 4 . Thus the l.h.s. and the r.h.s. describe the same analytic function. ⊔ ⊓ What remains to be proven is fairly standard. Borchers and Buchholz [BoB] recently gave a nice and transparent formulation of this final part of the argument and therefore we will simply reproduce their formulation here, up to minor notational differences.
Definition. Let O be any open region. The * -algebra B(O) is defined as the set of operators b ∈ A(O) for which there exists some neighborhood N ⊂ IR 4 of the origin such that
where the neighborhood N may depend on b.
B(O) is a * -algebra and
for any region O • whose closure lies in the interior of O.
Lemma 2.4. Let Ψ ∈ H β be a vector with the property that
It follows that the functions
vanish for all b ∈ B(O).
Proof. Let b ∈ B (O) and let N as in (37) . It follows from the definition of B(O) and the strong continuity of the translations that there exists some ǫ > 0, which may depend on b, such that
On the other hand the function
extends analytically to some vector-valued function in the domain T βe/2 by Proposition 2.1. Combining these two informations it follows that
for all x ∈ IR 4 and b ∈ B (O) . ⊔ ⊓ 
⊔ ⊓ Corollary 2.6. Let Ψ ∈ H β be a vector with the property that
It follows that Ψ = 0.
Proof. First, we apply Lemma 2.3. Then we recall that the orthogonal complement of π β α x B(O) Ω β is closed, therefore it coincides with the orthogonal complement of
Thus Ψ = 0. ⊔ ⊓ Theorem 2.7. Consider a QFT as specified in section 1.1 and let ω β be a state, which satisfies the relativistic KMS-condition. If additivity (13) holds, then 
Obviously, this implies
Now Corollary 2.5. states that Ψ = 0; i.e., the orthogonal complement of
, this implies that Ω β is separating for R β (O) .
⊔ ⊓ As in the vacuum sector, Ω β shares the Reeh-Schlieder property with a large class of vectors:
Theorem 2.8. There exists a dense set D α ⊂ H β , such that for all Ψ ∈ D α
where O ∈ IR 4 is again an arbitrary open space-time region.
Proof. A set D α ⊂ R β Ω β of suitable analytic vectors in H β may be specified by putting
The essential step is to show that for arbitrary b ∈ A the function
extends analytically to some vector-valued function in the domain T βe/2 . The reader is invited to check that the proofs of Proposition 1.1 and 2.1 remain valid if we replace Ω β by some vector Ψ ∈ D α . Finally, we note that l 1 − a/2 a is invertible in A, thus
It follows that π β (A)Ψ = H β , which ensures that the arguments given in the proof of Corollary 2.5 apply also in this slightly more general case.
⊔ ⊓
Remark. The Reeh-Schlieder theorem for the KMS-vector was first proven by Junglas [Ju] . He assumed that the KMS-state is locally normal w.r.t. the vacuum and his proof relied on a result of Borchers concerning time-like cylinders in the vacuum representation. Only time translations were used and therefore the standard KMS-condition was sufficient.
